Abstract. We show that the SL 2 (C)-character variety of the (−2, 3, n) pretzel knot consists of two (respectively three) algebraic curves when 3 ∤ n (respectively 3 | n) and give an explicit calculation of the Culler-Shalen seminorms of these curves. Using this calculation, we describe the fundamental polygon and Newton polygon for these knots and give a list of Dehn surgeries yielding a manifold with finite or cyclic fundamental group. This constitutes a new proof of property P for these knots.
Introduction
Let M = S 3 \ K denote the exterior of a hyperbolic knot K. In [CGLS] , [CS1] and [CS2] , Culler and Shalen construct a norm on the vector space V = H 1 (∂M ; R) which is a useful tool in the study of Dehn surgery on K. In particular, they show that cyclic surgery slopes which are not boundary slopes have minimal norm. Boyer and Zhang [BZ1] have extended this work to finite surgeries. For example, using properties of the norm they argue that the (−2, 3, 7) pretzel knot admits only four finite surgeries. Moreover, taking advantage of an explicit calculation of the Culler-Shalen norm for this knot, we [BMZ] have shown that its character variety consists of two algebraic curves. In the current article we generalize these results to hyperbolic pretzel knots of the form (−2, 3, n).
In particular, we argue that the only examples of non-trivial cyclic or finite surgeries on such a knot are the five surgeries on the the (−2, 3, 7) and (−2, 3, 9) pretzels found by Fintushel and Stern [FS] and Bleiler and Hodgson [BH] . Thus we confirm Delman's [D] remark that non-trivial surgeries on these knots yield manifolds with infinite fundamental group when n < 0 and moreover extend this observation to the case n ≥ 11.
After some preliminary definitions and a brief review of the theory of CullerShalen seminorms carried by curves in the SL 2 (C)-character variety of a knot, we exploit the Seifert structure of the 2-fold branched cyclic cover and of two Dehn fillings to draw some conclusions about these seminorms. As was observed in [BMZ] , the Culler-Shalen seminorm of a surgery yielding a small Seifert manifold is bounded in much the same way as cyclic [CGLS] and finite [BZ1] surgeries are. Using these bounds and knowledge of the boundary slopes provided by [HO] , a careful analysis of the possible combinations of curves allows us to deduce that there are at most three curves in the character variety and to explicitly calculate the Culler-Shalen seminorm on each curve which contains the character of an irreducible representation. We conclude with a description of the fundamental polygons and Newton polygons of these knots.
The (−2, 3, n) Pretzel Knot Let K n denote the (−2, 3, n) pretzel knot (see Figure 1 ). If n is even, K n is a link. Also, K 1 , K 3 and K 5 are torus knots and therefore not hyperbolic. So we will assume that n is an odd integer, n = 1, 3, 5. In addition, we will generally assume n = −1 as that case corresponds to the twist knot K 2 treated in [BMZ] . However, we will verify that our conclusions also hold true for this knot.
Let π denote the fundamental group of M = S 3 \ K n andπ that of its 2-fold cover M . The 2-fold branched cyclic cover will be denoted by Σ 2 and we will make strong use of the fact that π 1 (Σ 2 ) =π/ < µ 2 >=π/ <μ > where µ ∈ π is the class of a meridian of K n andμ ∈π the class of the loop in M which (double) covers that meridian. Similarly λ will denote the class of a preferred longitude of K n and λ ∈π its lift. At the same time, π 1 (Σ 2 ) is a central extension of the triangle group ∆(2, 3, |n|). This is because Σ 2 is Seifert fibred with base orbifold B = S 2 (2, 3, |n|)
and π orb 1 (B) = ∆(2, 3, |n|). The manifold M is small in the sense that it contains no closed essential surfaces [O] . Essential surfaces therefore meet ∂M in a non-empty set of parallel curves each having the same slope. Slopes which can be obtained in this manner are called boundary slopes.
The Character Variety and Culler-Shalen Seminorms
We refer the reader to [CGLS, Chapter 1] and [BZ2] for a more detailed exposition. In particular, we restrict ourselves here to the case of small hyperbolic knots.
Let R = Hom(π, SL 2 (C)) denote the set of SL 2 (C)-representations of the fundamental group of M . Then R is an affine algebraic set, as is X, the set of characters of representations in R. Since M is small, the irreducible components of X are curves [CCGLS, Proposition 2.4] . Moreover, for each component R i of R which contains an irreducible representation, the corresponding curve X i induces a nonzero seminorm · i on V = H 1 (∂M ; R) [BZ2, Propositon 5.7] via the following construction.
For γ ∈ π, define the regular function I γ : X → C by I γ (χ ρ ) = χ ρ (γ) = trace(ρ(γ)). By the Hurewicz isomorphism, a class γ ∈ L = H 1 (∂M ; Z) determines an element of π 1 (∂M ), and therefore an element of π well-defined up to conjugacy. The function f γ = I 2 γ − 4 is again regular and so can be pulled back to X i , the smooth projective variety birationally equivalent to X i . For γ ∈ L, γ i is the degree of f γ : X i → CP 1 . The seminorm is extended to V by linearity. We will call a seminorm constructed in this manner a Culler-Shalen seminorm.
If no f γ is constant on X i , then · i is in fact a norm and we shall refer to X i as a norm curve. If X i is not a norm curve, then there is a boundary slope r such that f r is constant on X i . In this case, we will call X i an r-curve. The minimal norm s i = min{ γ i ; γ ∈ L, γ i > 0} is an even integer, as is S = i s i , the sum being taken over the curves X i ⊂ X. We will denote the sum of the Culler-Shalen seminorms by
where X i is an algebraic component of X containing an irreducible character. (We will refer to characters of irreducible (dihedral, etc.) representations as irreducible (dihedral, etc.) characters.) We can find S by enumerating such "jumping points" and then showing that each contributes two to S. Thus S will simply be twice the number of jumping points.
We first introduce the normalization ν : Sf, Chapter II, §5] ). The birational equivalence between X i and X i is regular at all but a finite number of points of X i called ideal points. As in [CGLS, 1.5] , X ν i may be identified with the complement of the ideal points in X i . Now, since M is small, x is not an ideal point (see [CGLS, Proposition 1.6 .1]). So we can assume x ∈ X ν i and write ν(x) = χ ρ with ρ ∈ R i . We next argue that ρ is irreducible. For suppose instead that it were reducible. Since R i is closed, it contains a diagonal representation with the same character ν(x). Thus we can assume that ρ is diagonal. The Zariski tangent space at ρ may be identified with a subspace of the space of 1-cocycles Z 1 (π; sl 2 (C) Adρ ) (see [G, Wl] ) and since R i is four dimensional, we have dim(Z 1 (π; sl 2 (C) Adρ )) ≥ 4. On the other hand, Z x (f µ 2 ) > Z x (f µ ) implies ρ(µ) has order 4 (see [Ta, Proof of Proposition 5.3.2] ) and as π is normally generated by µ, we see that ρ(π) ∼ = Z/4. However, since the Alexander polynomial of the knot has no zeroes at a fourth root of unity, dim(Z 1 (π; sl 2 (C) Adρ )) ≤ 3 (see [BN, Theorem(1.1) ] and [BuZ, Theorem 8.21] ). This contradiction shows that ρ is in fact irreducible.
This implies that ρ is either dihedral or else the corresponding PSL 2 (C)-representation,ρ is non-abelian and therefore factors through ∆(2, 3, |n|).
The number of irreducible dihedral characters d is easily related to the Alexander polynomial. Indeed d = (card(H 1 (Σ 2 )) − 1)/2 (see for example [K, Theorem 10] ) and card(H 1 (Σ 2 )) = |∆ Kn (−1)| [R, Corollary 8.D.3] .
As for representations of the triangle group, one can show that the number of
where ⌊x⌋ denotes the largest integer less than or equal to x. This count includes the reducible characters. As the character of a reducible representation is also the
character of an abelian representation, we see that the reducible characters correspond to representations of H 1 (∆(p, q, r)) = Z/a ⊕ Z/(b/a) where a = gcd(p, q, r) and b = gcd (pq, pr, qr) . So the number of reducible
(2) Thus, there are (|n| − 1)/2 irreducible PSL 2 (C)-characters of ∆(2, 3, |n|). The corresponding representations each extend to an irreducible representationρ 0 ofπ. These in turn can be extended to π as the following proposition shows. Proposition 1. Letρ 0 be an irreducible PSL 2 (C)-representation ofπ which factors through ∆(2, 3, |n|). Thenρ 0 has a unique extension to π.
Proof: Supposeρ andρ ′ were two extensions. Let α ∈ π \π. For any β ∈π, A =ρ(α) −1ρ′ (α) commutes withρ 0 (β). So A commutes with each element of ρ 0 (π). However, asρ 0 is irreducible, this implies A = ±I. Thusρ andρ ′ agree on α and hence on π.
Since π =π ⊔ µπ, there will be an extension provided we can find A ∈ PSL 2 (C) with A 2 = ±I and such that Aρ 0 (β)A −1 =ρ 0 (µβµ −1 ) for all β ∈π. Now conjugation by µ corresponds to the action of the Σ 2 involution τ on π 1 (Σ 2 ). Basically, this is just because τ interchanges the two lifts of a meridian. On the other hand, restricted to the base orbifold B = S 2 (2, 3, |n|), τ interchanges hemispheres (see [M, Théorème 1] ). As we can see in Figure 2 , this interchange has the effect of taking the generators of π orb
Thus, if we take φ 0 as the representation of ∆(2, 3, |n|) induced byρ 0 , we see that the matrix A corresponding to conjugation by µ must satisfy the equations
Moreover, sinceρ 0 factors through ∆(2, 3, |n|) this, along with A 2 = ±I, will be sufficient. In order to find such an A then, we are led to investigate representations φ 0 of ∆(2, 3, |n|). After an appropriate conjugation, any such representation can be expressed via
We can choose u = 1/2 since this will not affect the character χ φ0 (An irreducible representation such as φ 0 is determined up to equivalence by its character). Then
will satisfy all our requirements.
Thus there are (|n| − 1)/2 irreducible PSL 2 (C)-characters of π which factor through ∆(2, 3, |n|) and (|∆ Kn (−1)| − 1)/2 = (|n − 6| − 1)/2 irreducible dihedral characters. Since PSL 2 (C)-dihedral characters are covered once in SL 2 (C) and other characters are covered twice ([BZ1, Lemma 5.5]), we see that there are (2|n| + |n − 6| − 3)/2 jumping points where
. This allows us to calculate S once we have shown that Z x (f µ 2 ) − Z x (f µ ) = 2 at each of these points.
Following [BZ1, Section 4] , it suffices to demonstrate that ν(x) is a simple point of X. (i.e. ν(x) lies on a unique irreducible component of X and is a smooth point of that component. See [Sf, Chapter II, §2] .) If ρ is a representation which factors through ∆(2, 3, |n|), we proceed by showing that the corresponding point y = χ ρ0 is a simple point of Y, the character variety ofπ.
As a first step we argue that the associated PSL 2 (C)-representationρ 0 is not trivial on π 1 (∂ M ). To this end, we investigate the image ofλ in ∆(2, 3, |n|). Trotter [Tr] has explained how to find the image ofλ in ∆(p, q, r) in the case of a (p, q, r) pretzel knot with p, q, r all odd. Following the analogous procedure in our case, we find thatλ projects to c k ac
Then, so long as j/|n| = 1/3, trace(ρ 0 (λ)) = ±2 and soρ 0 (π 1 (∂ M )) = {±I}. If j/|n| = 1/3 (this is possible only if 3 | n), then ρ is an octahedral representation, a case we shall deal with shortly.
On the other hand, a straightforward calculation shows that H 1 (∆(2, 3, |n|), sl 2 (C) Adρ0 ) is trivial when ρ 0 is irreducible (as is the case here). So we can proceed as in [BZ1, Section 4] 
Proposition 2. Let x = χ ρ be the character of an SL 2 (C)-representation of a finitely generated group π and y = χ ρ0 the restriction to a normal subgroup of finite indexπ.
Proof: The Lyndon -Hochschild -Serre spectral sequence gives us the exact sequence (see [Rt, Theorem 11.5 [Rt, Theorem 10 .26]). So we have
In our case, the proposition shows that dim C H 1 (π, sl 2 (C) Adρ ) ≤ 1 whence ν(x) is a simple point of X.
Remark:
We have been using the ideas of [BZ1, Section 4] whereby, under appropriate conditions, x = χ ρ is simple in X(π), the character variety of π, exactly when dim C H 1 (π, sl 2 (C) Adρ ) = 1. Interpreted in this context, the proposition says "simple points of X(π) lift to simple points of X(π)."
Thus, if ρ factors through ∆(2, 3, |n|) and is not octahedral, then ν(x) is simple. We can see that the dihedral characters also yield simple points by adapting Tanguay's [Ta, Propostion 5.3 .3] arguments for dihedral characters of two-bridge knots to the present situation. Again, the argument comes down to showing
, the dihedral group of order 2m.
Tanguay shows that the Betti number b 1 (π, sl 2 (C) Adρ ) can be related to the Betti numbers of several covers of M :
where the π d are the kernels of the maps 
Octahedral representations can be treated in a similar fashion. In this case,
and we can see that an octahedral character is a simple point by arguing that b 1 (π) = 2. Hereπ = ρ −1 (D 6 ) with D 6 a dihedral subgroup of index four in the octahedral group S 4 . So each of the jumping points ν(x) ∈ X i is simple (in particular ν −1 (ν(x)) = x) and therefore Z x (f µ 2 ) − Z x (f µ ) = 2. This allows us to calculate S once we have observed that 2s i = 2||µ|| i = ||µ 2 || i and that
Bounding the Seifert slopes
Bleiler and Hodgson [BH, Propositions 16 & 17] have shown that 2n + 4 (respectively 2n + 5) surgery on K n results in a manifold which is Seifert fibred over S 2 (2, 4, |n − 6|) (respectively S 2 (3, 5, |n − 5|/2)). We can bound the Culler-Shalen seminorms of these slopes in much the same way we calculated S above. We will count the irreducible characters ("jumping points") of the surgered manifold and then show that each such character contributes 2 to the seminorms of the corresponding slope.
2n+4. By Equations 1 and 2, there are |n − 6| − 1 irreducible PSL 2 (C)-characters of ∆(2, 4, |n−6|). Since half of them are dihedral, this gives
where Z x (f ) denotes the order of zero of f at x. Again, since the meridian µ of K n is not a boundary slope,
. This suggests that we approach the calculation of 2n + 4 T by comparison with µ T = S :
Since M is small and 2n + 4 is not a strict boundary class, we may apply [CGLS, Proposition 1.6 .1] to see that Z x (f 2n+4 ) = Z x (f µ ) at ideal points. Thus the sum of Equation 3 may be restricted to x ∈ X ν i . Reducible characters also do not contribute to the sum of Equation 3. For suppose ν(x) = χ ρ were the character of a reducible representation ρ ∈ R i with Z x (f 2n+4 ) > Z x (f µ ). Since R i is closed, we can assume that ρ is diagonal. Then, as in the previous section, we can argue that dim(Z 1 (π; sl 2 (C) Adρ )) ≥ 4. On the other hand, Z x (f 2n+4 ) > Z x (f µ ) implies ρ(2n + 4) = ±I ([CGLS, Section 1.5]) so that the image of ρ in PSL 2 (C) is a cyclic group of order dividing 2n + 4. Once we've shown that the Alexander polynomial admits no zeroes which are 2n + 4 roots of unity, we can deduce that dim(Z 1 (π; sl 2 (C) Adρ )) ≤ 3 (see [BN, Theorem(1.1) ] and [BuZ, Theorem 8.21] ). This contradiction shows that
The zeroes of the Alexander polynomial of K n cannot be prime power roots of unity (see [BuZ, Theorem 8.21] .) We can also show that there are no zeroes at roots of unity of order greater than 17 and also none of order 14. The only remaining possibilities are zeroes which are 6th, 10th, 12th or 15th roots of unity. However, such roots occur only when 3 | n, 10 | (n−1), 12 | (n−3) or 15 | (n−5) respectively. For example, if 6 | (2n + 4), then 3 ∤ n and the Alexander polynomial has no zeroes at a 6th root of unity. Similarly when 10, 12 or 15 divides 2n + 4, the Alexander polynomial will have no zero which is a corresponding root of unity.
It remains to examine the x ∈ X ν i satisfying Z x (f 2n+4 ) > Z x (f µ ) and such that ν(x) = χ ρ is the character of an irreducible representation ρ ∈ R i . As mentioned above, Z x (f 2n+4 ) > Z x (f µ ) implies ρ(2n + 4) = ±I. Thus ρ factors to give an irreducible PSL 2 (C)-representationρ of π 1 (M (2n + 4)) where M (2n + 4) denotes the Dehn filling of M along the slope 2n + 4. As π 1 (M (2n + 4) ) is a central extension of ∆(2, 4, |n − 6|),ρ factors through an irreducible representationρ ′ : ∆(2, 4, |n − 6|) → PSL 2 (C). Now, as in the discussion preceding Proposition 2,
is trivial. Thus arguing as in [BZ1, Section 4] we can deduce that ν(x) is a simple point of X so that ν −1 (ν(x)) = x. It can also be shown (see [B] ) that any irreducible PSL 2 (C)-representationρ of π 1 (M (2n + 4) ) is covered by a ρ ∈ R i with Z x (f 2n+4 ) > Z x (f µ ) (where ν(x) = χ ρ ). In short, the sum of Equation 3 may be restricted to the ν(x) ∈ X ν i arising from irreducible SL 2 (C)-representations of π which send 2n + 4 to ±I.
To evaluate the sum, we need to know the value of Z x (f 2n+4 )−Z x (f µ ) at such an x. If ν(x) = χ ρ , there will be two cases depending on whether or not ρ(π 1 (∂M )) is a parabolic subgroup. First observe that ρ(π 1 (∂M )) ⊂ {±I}, as otherwise ρ would be reducible. Hence if ρ(π 1 (∂M )) is not parabolic, we can appeal to [BZ1, Section 4 ] to see that Z x (f µ ) = 0 and Z x (f 2n+4 ) = 2, so that Z x (f 2n+4 ) − Z x (f µ ) = 2. In fact this latter identity holds in general. After Riley [Ri] , we call ρ a p-representation if ρ(π 1 (∂M )) is parabolic.
Proposition 3. The characters of the irreducible p-representations of the complement M of a hyperbolic (−2, 3, n) pretzel knot are simple points of X. Furthermore Z x (f µ ) = 1 at the character x of any such representation.
It can now be argued as in [B] , that if x ∈ X ν i and ν(x) is the character of a prepresentation, then Z x (f µ ) = 1 and
Moreover, as each of these irreducible characters of π 1 (M (2n + 4)) lies on a unique curve X i in X we see that each contributes exactly two to the sum of Equation 3 and 2n + 4 T = S + 3(|n − 6| − 1). Proof: (of proposition) Starting from the Wirtinger presentation [R, Section 3.D], we can show π = π 1 (K n ) =< f, g, h|hf hg = f hgf, gf (hg) (n−1)/2 = f (hg) (n−1)/2 h > where the generators f , g and h are as indicated in Figure 1 (compare [Tr] ). Let x = χ ρ be the character of an irreducible p-representation with x(µ) = 2. Following Riley, we can assume
Then the relation hf hg = f hgf implies u−v = ±1. Moreover a representation with u − v = −1 can be replaced by one with u − v = 1 simply by changing the sign of u and v. As these two representations will have the same character, we can assume u − v = 1. After the substitution u = v + 1, the (1, 1) entry of ρ(hf hg) − ρ(f hgf ) becomes v 2 (vw − (v + 1)(v + 2)). So v = 0 or w = (v + 1)(v + 2)/v. If v = 0, the second relation of π implies that the characters of p-representations correspond to the distinct roots of a polynomial of degree (|n| − 1)/2 (compare [Ri, Theorem 3] ). If v = 0 the same relation implies that v is the root of a polynomial p n (v) of degree |n − 3| − 1 where p n (v) is defined recursively by the equations
when n ≤ −1 and similar equations when n ≥ 7. These polynomials can be shown to have distinct roots using the theory of Tschebyshev polynomials. Thus there are |n − 3| − 1 distinct characters with v = 0.
Moreover, the characters with v = 0 are distinct from those with v = 0 as may be seen by examining trace(ρ(f g)) = 2 − (v + 1) 2 . If v = 0, the trace is 1. To have the same trace with v = 0, we must choose v = −2. This implies w = 0 and ρ(g) and ρ(h) commute. The second relation of π 1 (K n ) then simplifies to gf = f h and it is easy to verify that the choice v = −2, w = 0 and u = v + 1 = −1 is not consistent with ρ(gf ) = ρ(f h). Thus there is no character with v = 0 equal to a character with v = 0.
So, in all there are 3(|n − 2| − 1)/2 irreducible parabolic characters x with x(µ) = 2. Similarly there are 3(|n − 2| − 1)/2 points with x(µ) = −2 and S in all. Let us label them x 1 , . . . , x S and let {j;xi∈Xj } ν −1 j (x i ) = {y i1 , . . . , y iki }, i = 1 . . . S, where ν j : X ν j → X j is normalization. Then µ T is equal to the sum of degrees at these points:
Since Z yij (f µ ) ≥ 1, we must have k i = 1, (i = 1 . . . S) and, setting y i = y i1 , Z yi (f µ ) = 1. If x i were singular, then Z yi (f µ ) ≥ 2 [Ta, Lemme 5.4.2]. We conclude therefore that each x i is a simple point of X and Z ν −1 (xi) (f µ ) = 1.
2n+5. Since M (2n+5) has odd order first homology, π 1 (M (2n+5)) has no dihedral characters and its irreducible characters correspond to those of ∆(3, 5, |n − 5|/2).
When n ≡ 5 (mod 30), Equations 1 and 2 show that there are |n − 4| − 1 irreducible PSL 2 (C)-characters of ∆(3, 5, |n − 5|/2) each of which is double covered in SL 2 (C). Thus π 1 (M (2n + 5)) has 2(|n − 4| − 1) irreducible SL 2 (C)-characters. As was the case for 2n+4, each of these contribute two to the Culler-Shalen seminorms of 2n + 5 so that 2n + 5 T = S + 4(|n − 4| − 1).
This equation also holds for n ≡ 5 (mod 30) although by a different argument. In this case, there are |n−4|−5 irreducible PSL 2 (C)-characters of ∆(3, 5, |n−5|/2) and consequently 2(|n − 4| − 5) irreducible SL 2 (C)-characters of π 1 (M (2n + 5) ). Four of the reducible characters of ∆(3, 5, |n−5|/2) correspond to reducible representations which project onto Z/15. As we have already mentioned, the Alexander polynomial admits 15th roots of unity among its zeroes when 15 | (n − 5), so we cannot neglect these reducible characters. Indeed, as we will now show, each is covered twice in SL 2 (C) by characters contributing two so that we again have 2n + 5 T = S + 4(|n − 4| − 1).
Since the 15th roots of unity are simple zeroes of the Alexander polynomial, the corresponding representations ρ lie on a component R i of the representation variety containing an irreducible representation ([FK, Theorem 1.1]) and so x = χ ρ ∈ X i . We wish to show that the jump at x is 2.
As ρ(π) ∼ = Z/15 is normally generated by ρ(µ), we see that χ(µ) = ±2 and x is not trivial. (A character is trivial if χ(π) ⊂ {±2}. See [P, Section 3.2] .) On the other hand, since ρ factors through π 1 (M (2n + 5)), we have ρ(2n + 5) = ±I whence
There is also a non-abelian representation ρ ′ ∈ R i with the same character x ([CGLS, Proposition 1.5.2]). We can show that the deficiency (see [P, Section 3 .2]) of ρ ′ is zero and consequently that x is a simple point of X i and the jump at x is two [B] .
An application of Lemma 6.2 Lemma 6.2 of [BZ1] relates the Culler-Shalen norm on a norm curve to the boundary slopes. Using meridian-longitude coordinates, the slopes of K n are parametrized by Q ∪ {1/0}. The distance ∆(a/b, c/d) between two such slopes a/b and c/d is their minimal geometric intersection number |ad − bc|. In the case of a knot, such as K n , for which µ is not a boundary slope we can write
where the a i are non-negative integers and the β i are boundary slopes.
The boundary slopes of K n can be found using the methods of [HO] . We have β 1 = 0, β 2 = 2n + 6, β 3 = 16 (respectively 10) and β 4 = n 2 −n−5 n−3 2 (respectively 2(n + 1) 2 /n) when n ≥ 7 (respectively n ≤ −1). The calculations of the last two sections imply the following inequalities for any norm curve:
2n + 4 ≤ s + 3(|n − 6| − 1) and 2n + 5 ≤ s + 4(|n − 5| − 2).
These strongly restrict the possible values of the coefficients a i . For n ≥ 7, we see that a 1 = 0, a 3 = 1, a 4 = 2 and 0 ≤ a 2 ≤ (n − 5)/2. This implies s = 2n − 4 + 2a 2 , 2n + 4 = s + 2(n − 8) + 2a 2 and 2n + 5 = s + 4(n − 7). For n ≤ −3 there are four possible solutions:
1. a 1 = 0, a 3 = a 4 = 1 and 0 ≤ a 2 ≤ (1 − n)/2. Then s = 2(1 − n) + 2a 2 , 2n + 4 = 4(4 − n) + 4a 2 = s + 2(7 − n) + 2a 2 and 2n + 5 = 2(7 − 3n) + 2a 2 = s + 4(3 − n). 2. a 1 = a 4 = 1, a 3 = 0 and 0 ≤ a 2 ≤ (1 − n)/2. Then s = 2(1 − n) + 2a 2 , 2n + 4 = −4(n + 1) + 4a 2 = s − 2(n + 3) + 2a 2 and 2n + 5 = −6(n + 1) + 2a 2 = s − 4(n + 2). 3. If n ≥ −23, a 1 = 1, a 3 = a 4 = 0 and 0 < a 2 ≤ (n + 25)/2. Then s = 2 + 2a 2 , 2n + 4 = −2(2n + 4) + 4a 2 = s − 2(2n + 5) + 2a 2 and 2n + 5 = −2(2n + 5) + 2a 2 = s − 2(2n + 6). 4. If n = −3, a 1 = a 4 = 0 and a 2 = a 3 = 1. Then s = 4, 2n + 4 = 28 and 2n + 5 = 24.
Norm Curves
For n ≥ 7, we see immediately that there is at most one norm curve in the character variety. Indeed, if there were two, each would have s ≥ 2n − 4 which would force S > 3(|n − 2| − 1) = 3(n − 3). Similarly, for negative n, we see that there can be at most one norm curve of type 1 or 2. In order to see how the type 3 solution interacts with the other two, we use the Seifert slopes.
For a type 1 norm curve, we have 2n + 5 = s + 4(3 − n) which implies all the jumping points for 2n + 5 surgery lie on that curve. We've shown that the jumping points are simple, so they can not lie on any other curve. Thus any other norm curve would have 2n + 5 = s. However, examining the other solutions we see that 2n + 5 is greater than s (unless n = −3). So for n ≤ −5, if there is a curve corresponding to a solution of type 1, then there are no other norm curves. Using similar arguments, we can show that for n ≤ −11, there is at most one norm curve. For n = −9, there are either two norm curves each corresponding to a type 3 solution or else there is only one norm curve.
In the following, we will assume that there is only one norm curve X 0 and we will denote its Culler-Shalen norm by · 0 . The cases −9 ≤ n ≤ −1 will be treated separately later.
r-Curves
We recall some of the theory of r-curves developed in [BZ2] . If there is an rcurve, then r is a boundary slope of distance one from the cyclic slope µ. i.e. r is an integral boundary slope. In fact, we will argue that K n admits an r-curve only if r = 2n + 6. The Culler-Shalen seminorm on an r-curve is given by the equation γ = s∆(γ, r). Now M (2n + 6) = M 1 ∪ M 2 is a graph manifold. It's the union over a torus of M 1 , Seifert fibred over D 2 (2, 2), and M 2 , Seifert fibred over D 2 (3, |n − 3|/2). Since the distance between the fibres on the two sides of the graph manifold is one, we can argue that any irreducible representation of π 1 (M (2n + 6)) either factors through Z/2 * Z/g where g = gcd(3, |n − 3|/2) or else, its character is isolated in X(M (2n + 6)), the PSL 2 (C)-character variety of M (2n + 6). Thus, if 3 ∤ n, any irreducible characters inX (M (2n+6) ) are isolated points and do not lie on a curve. Since any r curve would include intoX(M (r)) =X(M (2n+6)) (see [BZ2, Example 5.10] ) and contain the character of an irreducible representation, we see that there are no r-curves when 3 ∤ n.
On the other hand,X(Z/2 * Z/3), the PSL 2 (C)-character variety of Z/2 * Z/3, contains exactly one curve (see [BZ2, Example 3.2] ) which lifts to a curve in the SL 2 (C)-character variety X(M ) when 3 | n. Thus there is exactly one r-curve, call it X 1 , with r = 2n + 6 in this case.
Moreover, we can show s 1 = 2 for this curve. Recall that s 1 = µ 1 is the degree of f µ . Under the composition π → π 1 (M (2n+ 6)) → Z/2 * Z/3 =< a, b|a 2 , b 3 >, the meridian µ is mapped to ab ∈ Z/2 * Z/3. Now the representationsρ : Z/2 * Z/3 → PSL 2 (C) can be parametrized by z ∈ C (see [BZ2, Example 3 
Then trace(ρ(µ)) 2 − 4 = (2zi − i) 2 − 4 is of degree 2 in z. It follows that s 1 = 2. For n ≥ 7, the integral boundary slopes are 0, 16 and 2n + 6. We will show that 0 and 16 do not admit r-curves. Recall that 2n + 5 0 = s 0 + 4(|n − 4| − 1). i.e. all the jumping points for the 2n + 5 surgery are on the norm curve. So we would have 2n + 5 i = s i on any r-curve X i . However, if r = 0 for example, 2n + 5 i = s i ∆(2n + 5, 0) = (2n + 5)s i . So there can be no r-curve for r = 0. Similarly, there can be no r = 16 curve. Analogous arguments show that there is no r curve with r = 0, 10 when n ≤ −11 so that r = 2n + 6 is the only candidate in this case as well.
Thus when n ≥ 7 or n ≤ −11, there is exactly one norm curve. There will be one r-curve when 3 | n and otherwise there are no additional curves containing irreducible characters. Since the set of reducible characters forms a complex line, we see that X(K n ), the character variety of K n , consists of two (three) curves when 3 ∤ n (3 | n) and n ≥ 7 or n ≤ −11. This observation also holds true for −9 ≤ n ≤ −1 as we will now verify. n = -9. Here 3 | n, so there is an r-curve X 1 with r = −12 and s 1 = 2. We can show that there is no r-curve with r = 0, 10 as we did before and we've already mentioned that if there were two norm curves, they would both correspond to a type 3 solution. Let us verify that this cannot happen. Suppose then that there were two norm curves X 0 and X 2 . Since S = 30 and s 1 = 2, we see that 28 = s 0 + s 2 = 4 + 2(a which contradicts the equation 2n + 4 T = S + 3(|n − 6| − 1) = S + 42. Thus we see that there is exactly one norm curve and one r-curve when n = −9. n = -7. In this case there is no r-curve for r = 2n + 6 = −8. By examining the norm of the 2n + 5 = −9 slope, we see that if there is a norm curve of type 1, it is the only curve in X(K −7 ) containing an irreducible character. Similarly, if there is a norm curve of type 2, then there is no r-curve with r = 10. However, we cannot immediately eliminate the possibility of an r-curve for r = 0.
Indeed, we know that for the type 2 norm curve X 0 s 0 = 2(1−n)+2a 2 = 16+2a 2 , 2n+4 0 = −10 0 = s 0 −2(n+3)+2a 2 = s 0 +8+2a 2 and 2n + 5 0 = − 9 0 = s 0 − 4(n + 2) = s 0 + 20.
On the other hand, if there were an r-curve X 1 with r = 0, then 2n + 4 1 = −10 1 ≤ s 1 +3(5−n)−8 = s 1 +28 and also 2n+4 1 = −10 1 = s 1 ∆(−10, 0) = 10s 1 . This implies
Since s 1 is an even integer, we see that s 1 = 2. Similarly, an examination of the −9 slope also leads us to the conclusion that s 1 = 2. So we cannot eliminate the possibility of an r-curve with r = 0 directly as we did earlier. We need to examine possible combinations of curves.
For example, suppose X(K −7 ) had a type 2 norm curve X 0 and one r-curve X 1 for r = 0 and no other norm or r-curves. Then − 9 0 = s 0 + 20 and Thus, if we assume that these are the only two curves, we see that we cannot account for all the jumping points associated with the −9 slope. Therefore this is not a possible configuration for X(K −7 ). By analyzing the possible combinations of norm curves and r-curves in this way, we see that the only possibility is that there is exactly one norm curve of type 1 and no r-curves. n = -5. A similar analysis shows that X(K −5 ) contains exactly one norm curve and it's of type 1. n = -3. Since 3 | n, we know that there is an r-curve X 1 for r = 2n + 6 = 0:
If we follow the same strategy as in the previous cases we find that there seem to be two possible configurations:
I. In addition to the r-curve there is one type 1 norm curve X 0 with s 0 = 10, − 2 0 = s 0 + 22 and − 1 0 = s 0 + 24.
II. Here there is a type 2 norm curve X 0 :
as well as an additional r-curve X 2 with r = 10: s 2 = 2, − 2 2 = s 2 + 22 and − 1 2 = s 2 + 20.
Both configurations are consistent with S = 3(|n − 2| − 1) = 12, − 2 T = S + 3(|n − 6| − 1) = S + 24 and − 1 T = S + 4(|n − 4| − 1) = S + 24.
SinceX 2 , the PSL 2 (C) analogue of X 2 , includes intoX(M (10)), we can show the second configuration does not arise by investigating the PSL 2 (C)-character varietȳ X(M (10)). Recall that M (−1) is Seifert fibred over S 2 (3, 4, 5) and that the jumping points for − 1 arise from six irreducible PSL 2 (C)-characters of ∆ (3, 4, 5) . If the second configuration is valid, five of these characters are onX 2 and therefore come from representations lying inR (M (10) ). We will argue that at least two of them do not.
Indeed two of the characters correspond to representations which factor through ∆(2, 3, 5) which has order 60. On the other hand, if such a representationρ is also inR(M (10)), then it annihilates both the 10 and the −1 slopes. In other words, the kernel ofρ contains an index eleven subgroup of π 1 (∂M ). Thereforeρ(π 1 (∂M )) is either Z/11 or else trivial. On the other hand,ρ(π 1 (∂M )) also factors through ∆(2, 3, 5). Thusρ(π 1 (∂M )) is trivial and since π is normally generated by the peripheral group,ρ(π 1 (M )) = {±I} as well. This contradicts the fact thatρ is an irreducible representation. Therefore, the irreducible representations which factor through ∆(2, 3, 5) are not inR (M (10) ). This shows that the second configuration is not possible. n = -1. This knot was treated using different methods in [BMZ] (where it is identified as the twist knot K 2 ). We saw that there is one norm curve of type 1 in the character variety.
Thus for any hyperbolic pretzel knot K n , the character variety contains one norm curve X 0 and one curve of reducible characters. If 3 | n there is an additional r-curve X 1 for the slope r = 2n + 6 with s 1 = 2. If 3 ∤ n, then s 0 = 3(|n − 2| − 1) and the Culler-Shalen norm is given by
when n ≥ 7 and
when n ≤ −1. If 3 | n, then s 0 = 3|n − 2| − 5 and the Culler-Shalen norm is
when n ≤ −1.
Fundamental Polygon and Newton Polygon
Given a Culler-Shalen seminorm · arising from a curve in the character variety of a knot K, we call B, the disc of radius s in V = H 1 (∂M ; R), a fundamental polygon for K. Figure 3 shows the fundamental polygon of K 9 associated to the norm curve X 0 . The fundamental polygon may be used to determine which Dehn fillings result in a manifold with finite or cyclic fundamental group. We will use it to show that there are only five non-trivial finite or cyclic surgeries on hyperbolic (−2, 3, n) pretzel knots.
Boyer and Zhang [BZ1, Theorem 2.3] show that if π 1 (M (α)) is finite or cyclic, then α ≤ max(2s, s + 8). Using this, they show that the K 7 admits exactly three non-trivial finite surgeries ([BZ1, Example 10.1]). For K 9 , max(2s 0 , s 0 +8) = 2s 0 so any finite or cyclic surgery slopes must lie in 2B. However, as we see in Figure 3 , the only slopes inside 2B are 21, 22, 23 and µ = 1/0. According to SNAPPEA [Wk] , M (21) is hyperbolic and so (−2, 3, 9) admits exactly two non-trivial finite surgeries: 22 and 23.
As n increases, the fundamental polygon for the norm curve maintains the same aspect but becomes smaller. For 11 ≤ n ≤ 19, the only slopes inside 2B are 2n + 4, 2n + 5 and µ and once n ≥ 21, only 2n + 4 and µ remain. However, since M (2n + 4) and M (2n + 5) are Seifert fibred over a hyperbolic orbifold when n ≥ 11, these are not finite surgeries. Thus the (−2, 3, n) pretzel knots admit no non-trivial cyclic or finite surgeries when n ≥ 11. Figure 4 gives the fundamental polygon of the (−2, 3, −7) pretzel knot and illustrates the situation for n ≤ −1. For these knots, 2B lies below the line y = 1 and therefore there are no non-trivial finite or cyclic surgeries. Note that, as the five finite fillings of the (−2, 3, 7) and (−2, 3, 9) pretzel knots are not simply-connected, this constitutes a proof of Property P for the (−2, 3, n) pretzel knots. However, these knots are strongly invertible, so Property P was already known [BS] . The Newton polygon N of the A-polynomial A K (L, M ) (see [CCGLS] ) is dual to the fundamental polygon and this determines it up to scaling and translations. Since neither L nor M is a factor of A K (L, M ), the Newton polygon lies in the first quadrant and intersects both axes (see [Sn, Proposition 2.2] ). The scale is determined by ||pµ + qλ|| = w(q/p) (see [BZ4] ) where w(q/p) is the width function introduced by Shanahan [Sn, Def 1.2] . Namely, w(q/p) is one less than the number of lines of slope q/p which intersect the Newton polygon and contain a point of the integer lattice.
The vertices of the Newton polygon are (0, 0), (16, 1), (n 2 − 2n − 15, (n − 5)/2), (2(n 2 − n + 3), n − 2), (3n 2 − 4n − 25, (3n − 11)/2), (3n 2 − 4n − 9, 3(n − 3)/2) when n ≥ 7 and 3 ∤ n (see Figure 5 which may be compared with [Sn, Figure 5] ); (0, 0), (16, 1), (12(n − 7), (n − 7)/2), (3(n 2 − 6n + 23), n − 2), (3n 2 − 6n − 31, (3n − 13)/2), (3(n 2 − 2n − 5), (3n − 11)/2) when n = 3k, k ≥ 3;
(0, (1 − 3n)/2), (10, 3(1 − n)/2), (n 2 + 2n − 3, −n), (2(n 2 + 2n + 6), (3 − n)/2), (3n 2 + 6n − 1, 0), (3(n 2 + 2n + 3), 1) when n ≤ −5 and 3 ∤ n (see Figure 6 ); (0, −(3n + 1)/2), (10, (1 − 3n)/2), (n 2 + 4n + 3, −n), (2(n 2 + 2n + 6), (1 − n)/2), (3n 2 + 8n + 5, 0), (3n 2 + 8n + 15, 1) when n = 3k, k ≤ −1; and (0, 0), (0, 1), (4, 2), (10, 1), (14, 2), (14, 3) when n = −1. Figure 6 . The Newton Polygon of K n (n ≤ −5 and 3 ∤ n)
